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RELIABILITY ANALYSIS OF THE CENTAUR IGS 
FIRST GIMBAL STABILIZATION LOOP 
I I. Introduction and Summary 
A. General 
In the current effort to develop new techniques for predicting the relia- I 
bility of complex systems, a fundamental and theoretical probabilistic model 
for systems reliability was developed and presented in [l]. 
analysis of a system, this model provides a framework for consideration of all 
system variables that affect the reliability of the system. 
In a reliability 
The general acceptance of any new theory or technique depends largely on 
the degree of success in application to problems of immediate concern. To 
promote the acceptance of the newly-developed reliability model, the techniques 
are demonstrated by application to a system selected for analysis. 
current interest in space systems, the system selected for this demonstration 
is an inertial guidance system of a space vehicle. It was considered advanta- 
geous to consider a specific system, permitting a firm definition of all sys- 
tem parameters and equipment. For this purpose, the CENTAUR IGS (Inertial 
Guidance System), manufactured by the Minneapolis-Honeywell (MH) Regulator 
Company in St. Petersburg, Florida, was designated as a typical system. 
Whereas the analysis is limited to this specific system, no loss results in 
the generality of the model for application to other inertial guidance systems 
or systems of other types. 
Due to the 
The current analysis of the CENTAUR IGS was initiated with [ 2 ]  wherein 
it was proposed to limit the analysis to a subsystem of the CENTAUR IGS, viz., 
the azimuth gimbal stabilization loop of the CENTAUR IGS stable platform. 
I Again this simplification results in no loss of generality since the instru- 
mentation and functional operation are sufficiently complex to introduce the 
application of the new techniques presented by the reliability model. 
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Some additional analysis was presented in [ 3 ]  which required a security 
classification of CONFIDENTIAL due to the inclusion of certain system speci- 
fications in that report. A detailed description of the functional opera- 
tion of a single axis stabilization l o o p  was presented in [ 4 ]  for the bene- 
fit of those persons interested in this analysis but who are unfamiliar with 
the operation of stable platforms and control systems. 
The purpose of this report is to present the final phase of the analy- 
sis of the selected system. Simplifications are frequently introduced to 
permit the convenient use of pure analytical techniques instead of numerical 
techniques which would entail much expense and time for digital computation. 
Since the primary objective in this analysis is to develop and demonstrate 
new methodology, the simplifications are not considered seriously detrimental 
to this purpose. When conducted jointly with a systems development program 
where extensive digital computer facilities are available, these simplifica- 
tions would not be required. 
To some readers it may also appear initially that an extraordinary 
amount of analysis is required to obtain the relatively simple results pre- 
sented; however, a major portion of the analysis presented is identical to 
that already required of systems engineers during the design and development 
stage of a system to analyze the system performance. Since reliability 
inherently encompasses all performance measures of a system, it is highly 
advocated that reliability analysis and control should become an integral 
part of the overall program task performed by systems engineers. This is 
not intended to deemphasize the tasks of the reliability engineer who plays 
an increasingly important role in controlling such factors as design and 
production techniques and component selection; rather, dissemination of the 
theory included in the reliability model by these individuals would greatly 
enhance their ability to make sound decisions. 
A s  a result of the security classification of the selected system, it 
is necessary to publish the results of this analysis in a coded form; there- 
fore, the results of this analysis are in no way considered to reflect the 
operational reliability of the CENTAUR IGS. 
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B. Summary 
The contents of this report are as follows. A typical, but somewhat 
simplified system mission, is described, and success of the mission is de- 
fined in terms of suitable criteria. It is then desired to estimate the 
probability that a flight will be successful. The equipment required to 
instrument functional requirements and a functional description of the sys- 
tem have been described in other reports, which are referenced below. 
It is emphasized in the report that any estimate of reliability is 
dependent on the conditions under which tests are carried out and on the 
kind and quantity of data which are generated by the tests. 
able for the present analysis were collected from tests conducted during 
manufacturing, and hence do not reflect mission conditions. Also ,  the only 
element for which degradation was recorded as a function of time was the 
gyro, so that the drift reliability analysis of the loop depended princi- 
pally on gyro drift rate data. 
The data avail- 
In the analysis conducted in this report, no estimate is made of the 
probability of the catastrophic failure of the stabilization loop; only 
drift failure is considered. Although a complete analysis would require 
that both types of failure be considered, the authors feel that the prob- 
ability of drift failure is much higher than that of catastrophic failure 
for the system considered. In addition, because conventional reliability 
analysis usually ignores the drift behavior of systems and a basic facet of 
the methodology under development is to take account of drift behavior when 
it is important, the present report is devoted to the analysis of drift 
behavior. 
The statistical analysis is described in the last section of this re- 
port. It consists principally of utilizing gyro test data to estimate the 
reliability of the system. Linear functions of several random variables 
determine the performance of the system. Their variances are estimated and, 
by use of normal theory, estimates of reliability are obtained. 
To avoid the necessity of classifying this report, the Tables referred 
to in the last section are shown only in format, without numbers. The num- 
bers are available under separate cover in a classified report. 
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The study reported in [5] serves as background for the present report. 
It summarizes the test and data collection procedures employed by MH in the 
production of the CENTAUR IGS. 
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11. Definition of the System Mission 
The analysis of any system begins with a definition of the system mission 
and a specification of the functions that the system must perform to success- 
fully complete the mission. This subsequently leads to a definition of the 
hardware for instrumenting the required functions and finally a recognition 
of the variables and processes involved which are apt to effect failure or 
degraded performance of the system. 
The single-axis stabilization loop, selected for the reliability anal- 
ysis herein, is a subsystem of a large space vehicle system. The mission of 
the complete vehicle system is first defined. 
A typical mission of a space vehicle system for consideration is the 
launch and delivery of a payload, e.g., a space probe, to a distant celestial 
object, say, the planet Mars as illustrated in Figure 1. The mission begins 
at time t = 0 with the initiation of a boost phase and ends at t = T with 
arrival at the target. 
required for the mission and are more clearly identified in Figure 2 .  
4 
Several stages of sequential system operation are 
The criteria for success of the mission may be based on certain condi- 
tions to be obtained at T For example, a successful soft landing of the 
payload on Mars entails certain accuracy requirements on such factors as 
landing position, velocity at impact and orientation of the spacecraft. 
Achievement of these requirements depends upon the successful performance of 
all previous functions in the four sequential stages of operation specified. 
Specifically, the accuracy in the landing position is dependent upon the 
velocity and the position vectors of the spacecraft at time T the time of 
final thrust cutoff for the launch vehicle. Similarly, the velocity and 
position at T are related to previous performance of the system and, defi- 
nitely, to the single axis stabilization loop to be analyzed. 
4 "  
3' 
3 
The performance of the loop affects the operation of all stages; how- 
ever, with sufficient foreknowledge of the loop operation, the contribution 
of loop degraded performance to the over-all system performance is recog- 
nizably distinct for two phases of flight, (1) the power phase where the 
loop experiences thrust accelerations and ( 2 )  the coast phase where the net 
acceleration on the loop is zero. The power phase of flight is represented 
by the two boost stages I and I11 illustrated in Figure 2 and the coast 
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phase by the orbit stage, stage 11, and the space trajectory stage, stage IV. 
Due to this similarity between the stage pairs, the reliability analysis 
techniques are sufficiently demonstrated by limiting the’analysis to stages I 
and 11. 
The functional requirements of the single-axis stabilization loop as 
they relate to the over-all system operation are identified for stages I and 
I1 below. 
Stage I - Boost into Orbit 
The function of the overall vehicle system is to launch the upper stage 
of the vehicle (which contains the payload) into a parking orbit around the 
earth. Prior to launch, a desired parking orbit will be known, the establish- 
ment of which requires a certain velocity vector and altitude of the vehicle 
thrust cutoff (time T1). 
is accomplished by vehicle guidance. 
Achievement of the velocity and altitude conditions 
Vehicle guidance is instrumented by physically controlling the direc- 
tion of the vehicle thrust according to some preconceived navigation law. 
Computation of the navigation law during flight requires continuous knowl- 
edge of vehicle velocity and position. For an inertial guidance system as 
considered for this application both velocity and position are computed from 
measured vehicle accelerations. 
Solution of the guidance law is performed using inertial coordinates; 
therefore, the vehicleacceleration must also be measured in inertial coor- 
dinates. The stable platform is provided in the vehicle as a space (iner- 
tial) stabilized mounting block for the accelerometers. 
An ideal stable platform mounted in the vehicle would provide a space 
stabilized coordinate system as illustrated in Figure 3 by the mutually 
orthogonal platform axes U 
aligned coincident with local vertical or the earth’s radius vector33. 
V. axis is aligned horizontal in the desired flight direction with the U 
1 i 
axis aligned horizontal and orthogonal to V and W. to form a righthanded 
coordinate system as shown. 
flight plane containing the vehicle trajectory. 
Vi, Wi. At launch (position 1) the W. axis is iy 1 
The 
i 1 
The Vi, W. plane is defined as the desired 
1 
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During f l i g h t  ( p o s i t i o n  21, a t  some time a f t e r  launch,  t h e  v e h i c l e  has  
a range r and v e l o c i t y  v i n  t h e  i n e r t i a l  (bu t  e a r t h  cen te red )  frame of r e f -  
VE, W axes .  The o r i e n t a t i o n  of t h e  U i ,  Vi, Wi e rence formed by t h e  UE, 
coord ina te  system provided by t h e  i d e a l  p l a t f o r m  remains f i x e d ,  as shown, 
even though the  v e h i c l e  s t r u c t u r e  r o t a t e s  with r e s p e c t  t o  i n e r t i a l  space.  
-+ + 
E 
The a c t u a l  s t a b l e  p l a t fo rm f o r  providing a space s t a b i l i z e d  frame of 
r e f e r e n c e  i s  a fou r  gimbal conf igu ra t ion  wi th  a s e p a r a t e  c o n t r o l  loop pro- 
vided f o r  each gimbal [ 6 1 .  
t h r e e  axes U which, f o r  p e r f e c t  o p e r a t i o n  of t h e  c o n t r o l  l oops ,  a r e  
0, 0 
mutual ly  or thogonal  and co inc iden t  with r e s p e c t i v e  axes U V. and W. pro- 
v i d i n g  t h e  d e s i r e d  space s t a b i l i z e d  frame of r e f e r e n c e .  
The complete instrumented p l a t fo rm e s t a b l i s h e s  
Vo, W 
1 i' 1 
The s i n g l e - a x i s  s t a b i l i z a t i o n  loop  considered f o r  a n a l y s i s  i s  t h e  con- 
t r o l  loop f o r  t h e  i n n e r  o r  f i r s t  gimbal which i s  t h e  s t a b l e  p l a t f o r m ' p r o p e r .  
The a x i s  of r o t a t i o n  of t h e  p l a t fo rm or f i r s t  gimbal i s  de f ined  as t h e  W 
a x i s .  
0 
The primary f u n c t i o n a l  requirement of t he  s i n g l e - a x i s  s t a b i l i z a t i o n  
loop during s t a g e  I system o p e r a t i o n  i s  t o  provide a s t a b l e  mounting f o r  t h e  
acce le romete r s  about t h e  W a x i s  of r o t a t i o n .  The t h r e e  ou te r  gimbals of 
t h e  fou r  gimbal p l a t fo rm conf igu ra t ion  i s o l a t e  t h e  f i r s t  gimbal from r o t a -  
t i o n  about t h e  U and V axes  s o  t h a t  t h e  o p e r a t i o n  of t he  s i n g l e - a x i s  s ta-  
b i l i z a t i o n  loop f o r  t h e  f i r s t  gimbal i n  providing angu la r  s t a b i l i z a t i o n  
about t h e  W axis i s  s i m i l a r  t o  t h a t  of a s i n g l e - a x i s  platform,  t h e  b a s i c  




Since t h e  f u n c t i o n  of t he  l o o p  i s  t o  ma in ta in  a s t a b l e  i n e r t i a l  r e f e r -  
ence,  degraded performance of t h e  s t a b i l i z a t i o n  loop i s  c h a r a c t e r i z e d  s o l e l y  
by t h e  p l a t f o r m  d r i f t  r e s u l t i n g  from d i s tu rbances  in t roduced  i n t o  t h e  loop 
and d r i f t  of t h e  v a r i o u s  components w i th in  t h e  loop. The e f f e c t  of t h e  
d r i f t  on t h e  measured a c c e l e r a t i o n  i s  shown i n  Figure 4 .  D r i f t  about t h e  
W .  ( o r  W ) a x i s  i s  denoted by Y e ,  t h e  a n g l e  between t h e  t r u e  i n e r t i a l  axes  
and t h e  p l a t fo rm axes as shown. Assuming p e r f e c t  accelerometers  and p r e c i s e  
alignment of t h e i r  i n p u t  axes a long the U and V p l a t fo rm axes ,  t h e  a c c e l -  






a = a cos Y + a sin Y u u  e V  e 
* 
a = a cos Y - a sin Y v v  e U  e 
* * 
where a and a are the measured accelerations along the U and V axes res- 
pectively and a and a are the true accelerations along the U and V. axes. 
U V 0 0 
U V i 1 
Reasonably good loop performance usually yields only small angles of Y . e 
e' Assuming, then, only small angles for Y 
sin Y 2 Y (in radians); cos Y N, 1 . ( 3 )  e e e 
Furthermore, since the desired flight direction is chosen along the V axis 
as shown in Figure 3 ,  a is the crossrange acceleration which is always small 
compared to a V' 
and (2) effectively reduce to 
i 
U 
Incorporating this condition along with those of ( 3 ) ,  (1) 
* 
aU IU, aU + aV Ye 
and * 
a - a  v -  v *  
( 4 )  
Thus the platform drift affects primarily the crossrange acceleration aU. 
In the instrumentation of the vehicle guidance the velocity components 
are the major inputs to the guidance computer for computing the vehicle 
steering signals. To obtain the velocity inputs each accelerometer output 




where V (t) is the computed vehicle crossrange velocity and t is time with T 
introduced as the dummy time variable of integration. 
in (6) as a function of time, aU(t), since the variables in ( 4 )  are func- 
tions of time; a (t) and a (t) are determined by the mission acceleration 
profile and Y (t) results from the behavior of the single-axis stabilization 
U * 





Substituting ( 4 )  into ( 6 )  and integrating term by term 
where V (t) is the actual crossrange velocity of the vehicle. U 
in the computed crossrange velocity is 
L 
The error V 
UE 
(8) 
The Vi, W. plane was defined, in connection with Figure 4 ,  as the de- 
l 
sired flight plane or the plane containing the trajectory, and the orienta- 
tion of the platform prior to launch places this plane in the desired flight 
direction. Crossrange guidance attempts to maintain the vehicle in the V 




V ( T ) = O ,  u 1  
which is a desirable condition for establishing the predetermined parking 
orbit. However, the vehicle steering signals are computed with V (t), and 





VU(Tl) = 0 . (9) 
Substituting the condition of (9) into (8) and setting t = T to obtain 1 
the crossrange velocity error at the end of boost, 
Therefore, assuming perfect response of the vehicle control system to the 
computed steering signals, the vehicle velocity error due to platform drift 
about the W axis is the negative of the actual crossrange velocity V (T ).  
0 u 1  
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In establishing the parking orbit, V (T ) affects primarily the angle 
The allowable error in this 
u 1  
of inclination of the orbit with the equator. 
angle will determine the allowable error or failure bounds on V (T ) such 
that the conditions for success of the single-axis stabilization loop at 
time T can be stated as 
u 1  
1 
Stage I1 - Parking Orbit 
The stable platform is located in the upper stage of the vehicle which 
is injected into orbit by the booster. 
orbit, the platform control system continues to operate with the assigned 
function of maintaining a stable inertial reference. 
Having established the parking 
Resolvers located at the ends of the platform gimbal axes provide elec- 
trical signal outputs which are used to compute the orientation of the vehi- 
cle with respect to the inertial reference provided by the platform. This 
may be required in order to keep the vehicle oriented in some prescribed 
direction throughout the parking orbit. 
Considered of major importance for the analysis herein is the accumu- 
lative drift of the platform at the end of the parking orbit (time T2) since 
this drift affects the initial orientation or pointing direction of the vehi- 
cle for the start of the power flight in stage I11 and subsequently the 
guidance accuracy during stage I11 and the space trajectory following. 
accumulative drift of the platform about the Wo axis is Y (T ) as provided 
by the single-axis stabilization loop. 
The 
e 2  
The conditions for success of the single-axis stabilization loop at 
time T, are - 
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I 111. Equipment Description 
The equipment required to instrument the functional requirements of the 
single-axis stabilization loop for the prescribed mission are identified in 
the system sehematic diagram presented in [ 21. 
in that representation was originally designated as a system element for the 
analysis; however, later consideration of the loop in [ 3  ] permitted elimi- 
nation of certain elements and recombinations of others to form a loop of 
seven (7)  elements. These loop elements are again listed below for further 
reference in the analysis. 
I 










E 1 emen t Name 
Gyro 
Preamp 1 i f i er 
Slip ring 





IV. Functional Description 
After simplification of the loop and identification of the available 
data for possible use in a reliability analysis, a functional diagram of the 
loop was constructed and presented in [5], Figure 6. This functional des- 
cription reveals the interrelationships among the loop elements and the in- 
puts to the elements from external sources. The major sources of inherent 
loop degradation are identified by the two attributes 8 
drift rate after drift compensation and e the GCA null current. 
the residual gyro d’ 
d’ 
Page Thirteen 
V. System Funetimal Analysis 
A .  Loop Reliability Defined 
The reliability R(t) of the single-axis stabilization loop during the 
mission defined earlier is 
R(t) = Prob {no failure in (0,t)) (13)  
where, as indicated in Figure 2, the mission begins at vehicle launch or 
t = 0. The accuracy requirements of the loop for operational stages I and 
I1 were stated by (11) and (12). 
For analysis the allowable range of variation for V (T ) and Y (T ) are u 1  e 2  
assumed equivalent in both positive and negative directions so  that the 
criteria for success may be stated as IV (T ) I  V' and IYe(T2)1 5 Y L .  The u 1  U 
reliability of the loop at the end of boost is then defined by 
and at the end of the parking orbit 
The probability measures in (14 )  and (15) define the reliability of the 
single-axis stabilization loop at two points in time during the mission 
with the inherent assumption that the system is exposed to the true mission 
conditions defined by the mission operational profile. 
In the reliability analysis) it is desirable to estimate the above 
probability measures. The approach employed in this analysis is to pre- 
dict the reliability on the basis of the observed behavior of each indivi- 
dual element in the loop. Assuming that data which reflects the behavior 
of each element is available) the purpose of the analysis, then, is to a m -  
bine the data using the functional relationships of the loop and the ele- 
ments, while also employing necessary statistical techniques) to obtain the 
predicted behavior of-the loop. 
An investigation of the CENTAUR IGS manufacturing process has been con- 
ducted to determine the availability of useful data for analysis in pre- 
dicting the reliability of the single-axis stabilization loop. This 
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investigation is described in detail and the available data identified in 
[ 5  3. The scope of the investigation was restricted to the data and test 
procedures being employed in the production phase of the product cycle, and, 
as anticipated, the type of data required for the reliability analysis was 
limited in quantity. 
studied, tests are conducted at practically all levels of system assembly. 
The primary purpose of the tests is to insure that the final assembly of 
the system conforms to assigned customer specifications. 
During the production phase of the product cycle as 
Gyro drift data was identified as the available data most pertinent to 
the analysis. Static friction data on the slip rings and torque motor was 
also obtained. Drift data for the GCA was desired but was not available; 
however, GCA drift is assumed in the analysis by using artificial data to 
illustrate that the effect can be included. 
The observed behavior of any element during a test is dependent upon 
the input conditions under which the element is tested. The majority of 
tests during the production phase are conducted under conditions of con- 
trolled fixed inputs. A general breakdown of the different types of inputs 
offered in [ 5 1  was: 1) informational (e.g., input signals), 2) operational 
(e.g., required power supply inputs) and 3)  environmental (e.g., temperature 
stress level). For a given test the informational inputs are usually speci- 
fied at some convenient fixed level within the normal operating range, the 
operational inputs are set at the nominal design value and the environmental 
inputs are fixed at laboratory or room conditions unless intentional over- 
stressing, such as operation at elevated temperatures, is employed. 
Use of data, obtained under such controlled conditions, in a reIia- 
bility analysis does not permit a prediction of the mission reliability 
since the test conditions do not simulate the mission operational profile. 
Any reliability prediction ventured with such data must be recognized as 
conditioned on the specific test conditions. As provided in the reliability 
model of [ 11, the reliability may be defined to reflect the condition. 
Letting symbolically represent the specific input conditions under which 
the element behaviors are observed, conditional reliabilities are defined as 
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and 
which are the probability measures to be estimated. 
B. Loop Behavior Over Time 
To estimate the probability measures of (16) and (17) it is necessary 
u 1  e ~ to relate the variables V (T ) and Y (T2) to the observed performance attri- 
butes of the elements. This is accomplished with the functional relation- 
ships of the loop. 
A detailed functional description of the loop was presented in [ 4 ]  
with the complete dynamic representation of the loop defined by Figure 10 
of that report. This diagram is reproduced with several alterafions in 
Figure 5 of this report with all symbols defined in the accompanying list 
at the front of this report. The major changes introduced into this rep- 
resentation is replacement of the U disturbing torques about the gyro out 
put axis by the equivalent residual gyro drift rate 8 caused by the dis- 
turbing torques and inclusion of an additional input disturbance e 
represent the GCA null current. 
d 
to d 
The loop output is Y (s )  and is a function of Yi(s), ed(s) and Qd(s). e 
If the Coulomb friction level F (also assumed to represent the static or 
break-away friction level) of the torque motor and slip rings combined is 
small, this functional relationship is linear; however, with F significantly 
large, the functional relationship becomes a complicated non-linear rela- 
tionship. 
Y (s )  represents a complex frequency response of the loop, and to e 
obtain V (T ) and I (T ) as needed for the reliability prediction, it is u 1  e 2  
necessary to determine an equivalent time response Y (t) 
'ui(t), ed(t) and Bd(t). 
sponse of complex non-linear systems is simulation. 
set up and conduct a dynamic simulation of the loop on an analog computer 
1 as a function of e 
A standard technique for obtaining the time re4 
An attempt was made to 
The convention employed herein is to let x(s) represent the Laplace trans- L 
form of x(t), i.e., x(s)  = L[x(t)l and X(S) z ~ ( t > l ~ = ~ -  
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t o  inc lude  t h e  non- l inea r  e f f e c t s  caused by F; however, i t  w a s  discovered 
t h a t  t h e  computer and the  r equ i r ed  s imulat ion program were no t  compatible.  
A t  t h a t  p r o j e c t  s t a g e ,  t i m e  d i d  not permi t  reprogramming f o r  a d i g i t a l  com- 
p u t e r  s imula t ion ,  t h e r e f o r e  t h e  l o g i c a l  a l t e r n a t i v e  was  t o  r e s t r i c t  t h e  s tudy 
t o  a n a l y s i s  of a l i n e a r  system. 
The l i n e a r  c losed loop complex frequency response of t h e  system t o  d i s -  
turbing i n p u t s  $ i ( s ) ,  bd ( s )  and e d ( s )  i s  expressed by 
o r  
where each response i n  (19)  r e p r e s e n t s  the corresponding term i n  (18). The 
i n d i v i d u a l  c losed loop t r a n s f e r  func t ions  i n  (18) are  I 
and 
where 
and f ( 
C 
2 '  . 
) i s  the  normalized (such t h a t  f c (0 )  = 1) open loop t r a n s f e  func - 
t i o n  of t h e  complicated compensation network. A l l  undefined symbols h e r e  
and below a r e  de f ined  i n  t h e  l i s t  of symbols a t  t h e  f r o n t  of t h i s  r e p o r t .  
Since the  system i s  l i n e a r ,  t h e  corresponding t ime response Y ( t )  i s  e 
a l i n e a r  combination of t h e  t i m e  responses t o  t h e  i n d i v i d u a l  i n p u t s ,  o r  
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where t h e  terms on t h e  r ighthand s i d e  of (25)  r e p r e s e n t  t h e  s e p a r a t e  r e -  
sponses t o  t h e  i n d i v i d u a l  i n p u t s ;  Y ( t ) ,  t h e  response t o  Y i ( t ) ,  Y 2 ( t ) ,  t h e  1 
response t o  Qd(t), and Y ( t ) ,  t h e  response t o  e ( t ) .  A s  shown i n  [ I -  1 ,  3 d 
Appendix A - I V Y  each response may be expressed as t h e  convolut ion of t h e  
inpu t  with t h e  system impulse response.  For t h e  complicated t r a n s f e r  func- 
t i o n  involved,  approximation techniques a r e  employed below f o r  each term. 
Y , ( t )  Response t o  Y i ( t )  
The i n p u t  Y . ( t )  r e p r e s e n t s  t he  v e h i c l e  angu la r  motion about t h e  W. 
i n e r t i a l  a x i s .  A s  shown i n  t h e  diagram of F igu re  5 ,  t h e  d i f f e r e n c e  between 
Y i ( t )  and t h e  a c t u a l  p l a t fo rm motion Y ( t )  i s  t h e  r e l a t i v e  motion between 
t h e  v e h i c l e  and t h e  p l a t fo rm which, due t o  t h e  f r i c t i o n  f i n  t h e  torque 




For a n a l y s i s  a r e p r e s e n t a t i v e  o p e r a t i o n a l  p r o f i l e  f o r  v e h i c l e  angu la r  
motion about t h e  W. a x i s  i s  assumed as i l l u s t r a t e d  i n  F igu re  6 .  A t  launch 
t h e  v e h i c l e  r o l l  axis i s  co inc iden t  with t h e  p l a t fo rm W axis SO t h a t  t h e  
f l u c t u a t i o n s  about t h e  \ir 
c o n t r o l  system. A t  t = 5 s e c .  a f t e r  launch, a d e t e r m i n i s t i c  f i x e d  pro- 
grammed r o l l  of t he  v e h i c l e  i s  included which i s  q u i t e  o f t e n  employed t o  
r o l l  t h e  v e h i c l e  p i t c h  p l ane  i n t o  coincidence with t h e  f l i g h t  t r a j e c t o r y  
p l a n e .  A s  t h e  v e h i c l e  rises and p i t ches  ove r ,  t h e  Y . ( t )  motion about t he  
W. axis becomes a r e s o l u t i o n  of both p i t c h  and yaw motion of t h e  v e h i c l e  
depending upon t h e  p i t c h  ang le  of t h e  v e h i c l e .  The f l u c t u a t i o n s  cont inue 
throughout  powered f l i g h t  t o  t i m e  T but a r e  assumed z e r o  du r ing  t h e  park- 
i n g  o r b i t  ( i . e . ,  t h e  v e h i c l e  i t s e l f  i s  s t a b i l i z e d  wi th  r e s p e c t  t o  t h e  p l a t -  
1 
0 






For s i m p l i c i t y  (and a good approximation) t h e  d e s i r e d  r o l l  maneuver i s  
r e p r e s e n t e d  by a f i x e d  s t e p  Q from 5 sec .  t o  20 s e c .  and t h e  f l u c t u a t i o n s  




0 < t 5 5 sec. 
(t), 5 sec. < t 5 20 sec. ; 
;*, 
1 
x (t), 20 sec. < t 5 T1 ; 
1 
1 
k, t > T 1 .  
For analysis a representative value of 2 deg./sec. is assumed for sd 
x (t) is assumed to have zero mean with a power spectral density 
and 1' 
1 
L with Q1(0) = 0.32 (deg./sec.) /(rad./sec.) and a. = 2(rad./sec.). 
Using the Nichols plot technique and nominal values for all loop param- 
eters, the closed loop frequency response for the loop was obtained. The 
general type of closed loop response obtained is illustrated in Figure 7 by 
the lF(jcu) l 2  vs. w plot where a resonance occurs at a frequency %. 
frequency response of a linear system was interpreted in [ 4  3 ,  Appendix A-VI, 
but for the present discussion can be considered to represent IF (s )  I 1 s=jcu 
where F1(s) is defined by (20). For a system having a frequency response 
function of the type illustrated in Figure 7 with % significantly large, 
the time response to a step input of GI magnitude is, to a close approxima- 
tion, IF(j0) I *GI. 
The 
2 
The time response of the loop to the x (t) input process is determined 1 
with the aid of the remaining plots in Figure 7. 
trates two continuous power spectra for the input process of the simple form 
assumed in (27), one with LD The corres- 
ponding output spectra are illustrated in the lower plot of Figure 7 which 
is obtained by merely multiplying the values of the top two plots. 
single-axis stabilization loop the representative value of 2 rad./sec. 
assumed earlier for LD is considerably less than for the closed loop re- 
sponse. 
shape of the power spectrum is preserved. 
x,(t) is passed through the system unchanged except for an attenuation factor 
The center plot illus- 
<< % and the other with L D ~  >> LD 
0 R '  
For the 
0 R 
The solid curve in the lower plot of Figure 7 indicates that the 
This in essence implies that 
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I F ( j 0 ) I .  
fD/HK contained i n  (20 ) .  
IF( j0) l  i s  simply t h e  s t a t i c  g a i n  of t h e  system, o r  t h e  f a c t o r  
The output  t i m e  response Y , ( t )  t o  the i n p u t  de f ined  by (26) i s  
x l ( t ) ,  0 < t 5 s e c .  ; 
+ x l ( t ) ] ,  5 s e c .  < t <, 20 s e c .  ; 
f D  
(E) x , ( t ) ,  20 s e c .  < t <, T1 ; 
Y ( t )  Response t o  e d ( t )  2 
The i n p u t  8 ( t )  r e p r e s e n t s  t h e  r e s i d u a l  gyro d r i f t  r a te .  A model based d 
on a v a i l a b l e  t e s t  d a t a  f o r  d e s c r i b i n g  t h e  d r i f t  w a s  developed i n  [ 5 1 ,  Ap- 
pendix A - I V Y  and i s  
+ p,t + p tL + x ( t )  Qd(t) = Aa, + Aa2asRA + Aa3aIA 2 
where A a  i s  t h e  r e s i d u a l  d r i f t  r a t e  due t o  cons t an t  torques about t h e  gyro 
OA, Aa and Aa a r e  t h e  r e s i d u a l  d r i f t  r a t e s  a t  1 g .  a c c e l e r a t i o n  due t o  
m a s s  unbalance a long  t h e  gyro I A  and SRA r e s p e c t i v e l y ,  p and /3 r e p r e s e n t  




The gyro o r i e n t a t i o n  with r e s p e c t  t o  t h e  p l a t fo rm axes i s  de f ined  i n  
F igu re  8 .  Assuming p e r f e c t  gyro alignment i n  t h e  p l a t fo rm,  
S u b s t i t u t i n g  t h e  cond i t ions  of (30)  i n t o  ( 2 9 ) ,  t h e  r e s i d u a l  gyro d r i f t  r a t e  
model i s  s t a t e d  as 
n 
The dynamic response of t he  platform t o  gyro d r i f t  ra te  as de f ined  by 
(18) and (19) i s  
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which i s  the  response of t h e  p l a t fo rm angular  r a t e  t o  gyro d r i f t  rates.  
M u l t i p l i c a t i o n  of F (s)  by s i n  (33) cancels  t h e  e x t r a  s i n  t h e  denominator 
of F2 ( s )  as seen i n  ( 2 1 ) .  
I jco F (jo) 1 2 
p rev ious ly  introduced i n  Figure 7 .  The t i m e  response Y ( t )  can be consid- 
e red  by observing t h e  frequency response t o  each i n d i v i d u a l  term i n  8 
2 
The corresponding frequency response f u n c t i o n  
v s .  o p l o t  2 2 has  been obtained and i s  s imi la r  t o  t h e  IF(jw) 1 
2 
d '  
In t h e  d i s c u s s i o n  i n  [ 51, Appendix A-IV of t h e  gyro d r i f t  r a t e  model 
t o  be used i n  a n a l y s i s  t h e  f i r s t  term ACx w a s  recognized as a random v a r i a -  
b l e ,  cons t an t  over t i m e .  The t i m e  response of t h e  p l a t fo rm angu la r  r a t e  t o  




where F (s)  i s  expressed by ( 2 1 ) .  F i r s t ,  cons ide r  a response 2 
I n  t h e  second and t h i r d  terms of Bd,  A? and A a  a r e  a l s o  random v a r i a -  3 
b l e s ,  but t he  response t o  t h e s e  i n p u t  terms i s  dependent upon t h e  frequency 
con ten t  of t h e  a c c e l e r a t i o n s  a and a Gyro t e s t s  were conducted under 
1 g .  (32.2 f t . / s e c . 2 )  a c c e l e r a t i o n  due t o  g r a v i t y  t o  measure A? and A a  
N o  t e s t s  were observed conducted whereby t h e  gyro d r i f t  behavior w a s  meas- 
ured under v i b r a t o r y  a c c e l e r a t i o n  cond i t ions .  Since t h i s  e f f e c t  i s  unknown, 
t h e  gyro d r i f t  r a t e  model i s  r e s t r i c t e d  t o  l i n e a r  a c c e l e r a t i o n s  by assuming 
a l i n e a r  e x t r a p o l a t i o n  of t he  a c c e l e r a t i o n - s e n s i t i v e  d r i f t  r a t e s  from 1 g .  
t o  o t h e r  a c c e l e r a t i o n  l e v e l s .  For a n a l y s i s  t h e  r equ i r ed  l i n e a r  a c c e l e r a -  
t i o n s  are de f ined  by t h e  nominal a c c e l e r a t i o n  p r o f i l e  f o r  t h e  mission.  
Typical  a c c e l e r a t i o n  p r o f i l e s  f o r  a c t u a l  v e h i c l e  boost phases a r e  i l l u s -  
t r a t e d  by the dashed curves i n  F igu re  9 .  Since the  func t ions  a r e  slowly 
va ry ing  ( c o n t a i n i n g  p r i m a r i l y  low frequency components o n l y ) ,  i t  i s  s u f f i -  
c i e n t  f o r  a n a l y s i s  t o  approximate these  p r o f i l e s  by t h e  s o l i d  curves  i n  
F igu re  where t h e  approximation maintains  t h e  magnitudes of t h e  a c c e l e r a -  




2 aV = Alt ; A1 - 110 (ft./sec. ) 
230 (sec.) 
( 3 4 )  
and 
2, . (35) 2 - 220 (ft./sec. 
w o  0 230 (sec.) 
a = B +- Blt ; B = 110 (ft./sec. ) , B1 - 
Because of the slow variations in aV and %, the time response of the plat- 
form angular rate is sufficiently represented by multiplication of each term 
by the static gain -D/H. 
The p and f3 coefficients in the fourth and fifth term of ed are also 1 2 
random variables. As observed from actual gyro data, the range of values 
of B, and p 
ables may also be considered slowly-varying quantities with the time re- 
sponse of the platform angular rate obtained by multiplying the terms by the 
static gain -D/H. 
are sufficiently small so that the terms containing these vari- 2 
The latter term x(t) is described in [ 51, Appendix A-I11 as a station- 
ary random process with zero mean. 
actual data are presented for describing x(t). 
to represent essentially band-limited "white" noise described by the power 
spectral density 
In [ 7  ] two possible models based on 
Model I assumes the process 
( 3 6 )  
Model I1 assumes a process resulting from passing "white" noise through a 
linear filter possessing a bandpass equivalent to the gyro bandwidth yield- 
ing a power spectral density 
where LD is the gyro bandpass frequency. 
and it is known that the gyro drift rate trace from which the power spectrum 
in Model I was estimated did not contain the higher frequencies due to a low 
(ul is considerably less than w 
g g' 
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bandpass of t h e  r eco rd ing  device.  
appea l ing  i n  t h a t  i t  c o n t a i n s  t h e  h i g h e r  f r equenc ie s  a c t u a l l y  passed by t h e  
gyro.  
Therefore,  Model I1 i s  p h y s i c a l l y  more 
I The t i m e  response o f  t h e  p l a t fo rm angular  r a t e  t o  t h e  x ( t )  i n p u t  y i e l d s  
an  output  p rocess  x ( t )  which i s  determined by the  system bandpass charac-  
t e r i s t i c s  de f ined  by [ ( j u )  F2(jU)) 1 2 .  Assuming t h e  Model I1 f o r  x ( t ) ,  t h e  
power s p e c t r a l  d e n s i t y  c h a r a c t e r i z e d  by (37) i s  i l l u s t r a t e d  by the  dashed 
curve i n  the  c e n t e r  p l o t  of F igu re  7 t o  show i t s  r e l a t i o n s h i p  t o  the  system 
bandpass c h a r a c t e r i s t i c s .  
i l l u s t r a t e s  t he  f i l t e r i n g  o r  a t t e n u a t i o n  of t he  h ighe r  f r equenc ie s  above t h e  
system bandpass. The power s p e c t r a l  d e n s i t y  of t h e  ou tpu t  p rocess  x ( t )  i s  
expressed by 
2 
The dashed c u r v e  i n  t h e  lower p l o t  of Figure 7 
2 
L L 
To prevent  l abor ious  c a l c u l a t i o n s ,  a c lose  approximation t o  @ (CU) i s  ob- 
t a i n e d  by recognizing t h e  sha rp  c u t - o f f  of t h e  system frequency bandpass. 




n i t u d e  of the system s t a t i c  g a i n  and 0 (0)  i s  de f ined  i n  ( 3 7 ) .  
i s  t h e  e f f e c t i v e  bandpass frequency of t h e  system, D/H i s  t h e  mag- 
S 
I1 
The time response Y ( t )  of the platform angu la r  ra te  t o  gyro d r i f t  2 
r a t e s  h a s  been d i scussed  term by term. C o l l e c t i n g  a l l  t h e  responses  i n t o  a 
s i n g l e  e x p r e s s i o n  y i e l d s  
Y 2 ( t )  = - i[ACl, + A0!Flt + ACX B + ACl B t + p,t + p 2 t  2 ] + x,( t )  . 
3 0  3 1  
Prime i n t e r e s t  i n  t h e  a n a l y s i s  i s  on the t i m e  response Y ( t )  r e p r e s e n t i n g  
t h e  t ime behavior  of t h e  p l a t f o r m  angle .  
form a n g l e  i s  
2 
The dynamic response of t h e  p l a t -  
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and i n  [ 4 1 ,  Appendix A - 1 1 ,  i t  i s  shown t h a t  d i v i s i o n  by s i n  t h e  complex s 
domain is equ iva len t  t o  i n t e g r a t i o n  over time i n  t h e  time domain. Therefore ,  
t h e  time response of t h e  p l a t fo rm ang le  i s  
AO(2Alt2 B l t 2  
+ A a  ( B  t + -) 





B T  2 + Aa3 ( B  T + -) 1 1  
+ 2  0 1  2 
p l t2  p2t3 t 
+ 31 + 1 x 2 ( 7 )  ch, T1 < t 5 T 2  . 
0 
2 
Y3(t)  Response t o  e,(t) 
The i n p u t  e ( t )  r e p r e s e n t s  t h e  GCA (gimbal c o n t r o l  a m p l i f i e r )  output  d 
n u l l  c u r r e n t .  A s  r epor t ed  i n  [ 5 1 ,  no measurements were observed which 
y i e l d e d  d a t a  r e f l e c t i n g  t h e  behavior of e ( t )  over t ime.  d 
To simply i l l u s t r a t e  t h a t  t h i s  e f f e c t  can be considered i n  the  r e l i a -  
b i l i t y  a n a l y s i s ,  a GCA output  b i a s  i s  assumed p r e s e n t .  For purposes of 
demonstrat ion e ( t )  i s  considered t o  be r ep resen ted  by l i n e a r  d r i f t  d 
where the  c o e f f i c i e n t s  y and y a r e  random v a r i a b l e s  wi th  both having 
r e l a t i v e l y  s m a l l  s t anda rd  d e v i a t i o n s .  
0 1 
The dynamic response of t h e  system t o  t h e  GCA ou tpu t  b i a s  as de f ined  
by (18) and (19) i s  
where F ( s )  i s  more e x p l i c i t l y  de f ined  i n  ( 2 2 ) .  The frequency response 
f u n c t i o n  IF3(jm) l 2  i s  a g a i n  s imi l a r  t o  the / F ( j u )  l 2  v s .  LU p l o t  i l l u s t r a t e d  
i n  F igu re  7 with t h e  s t a t i c  g a i n  I F ( j o ) (  = -$D/HK. 
3 
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Since y in (43) is considered small, e (t) is also a slowly-varying 1 d 
function of time. Therefore, the corresponding time response Y (t) of the 
platform angle to the GCA output bias is sufficiently represented by mere 
multiplication of e (t) by the static gain yielding 
3 
d 
kMD where - 
K 3 - E *  
Total Loop Time Response, Ye(t) 
The total time response Y (t) of the platform angle is expressed by (25) e 
as the linear combination of the individual responses obtained above. The 
attributes required to predict the reliability of the loop are identified in 
( 1 6 )  and (17) as Vu(T1) and Y (T2). e 
V (T ) is obtained by first substituting (28), (42) and (45) into (25), u 1  
then substituting the result into the integrand of (10) and performing the 
indicated integration from 0 to T with a = Alt. This results in 1 
t T1 -1 + 1 t 1 x (T) dTdt 2 + -  
0 0 8 15 
I. 1. 
Ye(T ) is obtained by substituting (28), (42) and (45) into (25) and 2 
setting t = T which yields 2 
2 
Ye(T2) = - -[T D A 5  4- Aa2 + (B T t -) BITl Aa3  H 2  2 0 1  2 
T32 T2 





VI. Statistical Analysis 
A. Data Used in the Statistical Analysis 
Three types of data secured from MH were used in the statistical anal- 
ysis. All three were associated with the gyro. They were measurements of 
the drift variables CT, MUIA, and MUSRA, a continuous strip chart recording 
of random gyro drift rate over a three hour period, and six-minute averages 
calculated from a number of such continuous recordings. 
The measurements of the drift variables are exemplified by Figure 10, 
where the data plotted represent measurements of either CT, MUIA, or MUSRA. 
The horizontal scale is in degrees/hr. for CT or degrees/hr./g for MUIA or 
MUSRA. The vertical scale indicates test conditions in both Minneapolis and 
Florida, with the chronological order in the down direction. 
There were five such charts, three of which carried plots for MUIA and 
MUSRA, one had plots for MUIA, MUSRA, and CT, and one had plots for MUIA and 
MUSRA, with numbers recorded for CT. Thus, there were five sets of data for 
MUIA and MUSRA, but only two sets for CT. 
A continuous strip chart recording was obtained for only a single gyro, 
and was used in the analysis to illustrate how to analyze the purely sto- 
chastic component of the drift. The strip chart contained two three-hour 
traces of random drift rate for the gyro, one with the output axis in the 
vertical position (OAV) and the other with the output axis in the horizontal 
position (OAH), as described in [ 5  1 ,  Appendix A-111. Because the second 
recording measures the sum of g-sensitive and g-insensitive drift rates in 
such a way that they cannot be separated, it was not used in the analysis. 
The first recording, which measures only the g-insensitive rate, was used. 
Thirty averages over successive six-minute periods were obtained from 
the three-hour OAV traces for twenty-two gyros, including the strip chart 
recording discussed above. The six-minute averages were obtained either 
manually or with an integrator. 
rate determined from the available information. However, using the strip 
chart recordings, an appropriate origin and scale were devised which would 
simulate real drift rates. A typical set of averages, together with a 
fitted curve which is described in the sequel, is plotted in Figure 11. 
In neither case was the absolute gyro drift 
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Of the five gyros for which drift variable measurements were secured, 
only one occurred in the set of twenty-two, and this was not the gyro with 
the strip chart recording. Accordingly, the complete analysis cannot be 
carried out separately for each individual gyro, although in practice it may 
normally be desirable to do s o .  
In order to make the analysis more realistic, it was desired to intro- 
duce the effects of frictional torques of the slip rings and torque motors 
which act as disturbing torques on the gimbal. The effects of viscous 
frictional torques resulting from vehicle angular motion were defined by 
(28) in which both deterministic and random motion were considered. At the 
low viscous friction levels encountered, the loop degradation due to the 
deterministic motion assumed has been computed and shown to be insignificant 
in comparison to the random component. To include the effects of Coulomb 
and break-away frictional torques for the slip rings and torque motor, sam- 
ple data sheets were drawn and the torques recorded. However, as was indi- 
cated earlier, the attempt to simulate the loop with the non-linear effects 
present did not succeed, and hence it was not possible to utilize the torque 
measurements. Because they were not used in the analysis, no typical data 
are included herein. 
I 
Finally, in order to include some element other than the gyro in the 
analysis of the loop, even though no suitable data were available, it was 
decided to introduce synthetic data. 
null current, to be a linear function of time as defined in ( 4 3 ) .  It is 
supposed in the following analysis that the coefficient y is s o  small that 
it may be neglected. However, y will be assumed a random variable with 
zero mean and standard deviation .00567 amp., and will be included in the 
analysis. 
This was done by defining e the GCA d’ 
1 
0 
B. General Method of Reliability Estimation 
It is required to estimate the probabilities of the events 
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and the joint event, (48) and (49). To do so would require data obtained 
under actual or simulated mission conditions. Because such data were not 
available, the above probabilities will be estimated using data obtained 
under manufacturing conditions, as was discussed in connection with (16) 
and (17). 
If the form of the bivariate distribution of V (T ) and Y (T ) is known, 
and if data are available for estimating the parameters of the distribution, 
then both the probability density function and the required probabilities 
may be estimated. The probabilities also may be estimated when the form of 
the bivariate and univariate distributions are not known, but such estimates 
are generally much less precise. 
u 1  e 2  
In the present instance, there is strong reason to believe that the 
bivariate distribution is approximately bivariate normal with zero means. 
Because both V (T ) and Y (T ) are linear functions of several random vari- 
ables which presumably are not highly correlated, it follows from the Cen- 
tral Limit Theorem that they are approximately normally distributed. Fur- 
thermore, some of the individual random variables appear to be approximately 
normally di st ributed . 
u 1  e 2  
1' The random variables which are common to the two functions are Aa rn- 
Aa2, Aa3, B,, B,, and e In addition, the random variables /IL t x ? ( t )  dt - 
m d' A U 
t and /I1 t / x (z) dzdt occur in Vu(T1). Clearly, the expected value of 
0 0 2  
all nine of these random variables is zero, and, hence, so are the expected 
values of VU(Tl) and Y (T2). e 
Although normality of the marginal distributions does not imply that 
the bivariate distribution is normal, still it is reasonable to assume that 
it is. The approach to be followed, then, is to estimate the variances of 
V (T ) and Ye(T ) and their covariance, and thence, using normal theory, the 
required probabilities. 
u 1  2 
The variances of V (T ),  Ye(T2), and their covariance, as computed from u 1  
(46) and ( 4 7 )  are given below. Most of the covariance terms have been 
omitted because they are thought to be zero for reasons which will be pre- 
sented in later discussion. 
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+ (BOTl + B1TL/2) 2 2  Var(Aa3)  + ( T 2 / 2 )  2  Var B, 
12 + Var(1 x ( z )  d ~ ) ]  + (-K3)2 V a r ( y o )  
0 
2 + (BOT1 + BlTl/2)(Bo/3 + B1T1/8) Var(Aa3)  
2 2 3  + (T1T2/16) Var B, + (T1T2/45) Var B2 
t + Cov(1 T2 X ( T )  d-c, s T1 t 1 X ( T )  d-cdt] 
0 0 0 
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C. Variances of Drift Variables 
The drift variables 5, 9, and a are measured in the hangar just 3 
prior to transferring the system to the launch pad, and compensating cor- 
rections are programmed into the computer, as discussed in [ 5  ], Appendix 
A-IV. 
and 0s during the transfer to the pad and therefore are residual drifts 
which are not compensated for. 
5 ,  ?’ The quantities A T ,  A?, and A a  are changes which occur in 3 
If 9, %, and a could be measured while the system was on the launch 3 
pad and their observed values used for drift compensation, then A T ,  A?, 
and Aa would represent only measurement error. However, no such measure- 
ments were available for the present analysis, and could not ever be avail- 
able for a given system until it is built and moved to the launch site. 
5 ,  a2, and a Even then, if it were impossible to measure 
A?, and A? could be estimated by simulating the hangar to pad sequence, 
making both sets of measurements in the hangar or elsewhere where suitable 
measurements could be made. It would be possible, of course, to use such 
3 
on the pad, A T ,  
3 
measurements from previous similar systems, if available. 
In the present instance, production test data were used to estimate 
A T ,  A?, and A a  
duced in Figure 10. A set of measurements like those may be regarded as a 
sample from a population of similar measurements which conceptually could 
be made on the gyro. 
the measurements, the sample variance, is an estimate of the unknown popu- 
lation variance. In particular, it estimates the variance of the shift in 
the drift variable .from the hangar to the pad. 
will indicate a sample estimate of a population parameter. 
A typical set of such data for a single gyro was intro- 3 ’  
From this point of view, the variance calculated from 
A caret (^) over a symbol 
For each of five gyros, the sample variance was computed for 7 and a 
A typical calculation, which is explained fur- 
3’  
.and for two gyros, for 5 .  
ther in the next paragraph, is shown in Table I. The several variances for 
each drift variable were averaged to obtain a typical variance, which was 
used in the subsequent analysis. 
in normal practice, the correct variances would be the variances associated 
with the gyro in the loop, not averages over several gyros. 
These are shown in Table 11. Of course, 
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There are some qualifications to the simple procedure just described. 
Perusal of Figure 10 suggeststhat there are certain groups of tests carried 
out under nearly similar conditions. For example, in Florida there were 
sets of post-cool measurements which seem to constitute groups of two and 
three measurements. Such groups have been distinguished in Table I. An 
analysis of variance was carried out by introducing a within-group variance 
and a between-group variance, and the sum of the variances was estimated. 
The within-group variances usually were small compared to the between-group 
variances. Moreover, the expectation of the total sample variance, i.e., 
the sample variance without grouping, already discussed above, was very close 
to the sum of the within-group and between-group variances. Although the 
latter sum was used in the present analysis, it differed very little from 
the total sample variance. 
A l s o ,  there may be serial correlation between successive measurements. 
If s o ,  the sample variance is not an appropriate estimate of the variance 
of the shift in the drift variable from the hangar to the pad. Another 
point to be considered is whether or not the differences among test condi- 
tions, such as vibration versus non-vibration and severe temperatures versus 
normal operating temperatures, adequately simulate the change in conditions 
between the hangar and the pad. 
The existence or non-existence of correlation between A 5 ,  AQ2, and 
was examined by constructing plots of A? versus A a  
A 5  versus A . 
but it did appear that correlation, if present, was small. Accordingly, the 
analysis was carried out by assuming no correlation among the A d s .  A typi- 
cal plot is shown in Figure 12 .  
A? versus A5, and 2’ 
The data were so  sparse that no decision could be reached, a3 
D. Variances of Time Trend Variables 
It is likely that the trend in the drift rate differs among gyros. If 
s o ,  then each gyro has its own characteristic f3 and ,6 which should be 
estimated from observing the drift rate over time for that gyro. A single 
set of averages, such as those available from the three hour strip chart 
recording, would provide one observation on the pair ( f3  1, p2). 
not be a precise estimate of (P l ,  f3,) and would not permit estimates of the 
variances of f3, and ,6 
runs would be required. 
1 2’ 
This would 
or of their covariance. Accordingly, a number of 2 
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Because only one drift run was available for each gyro, it was decided 
for the present analysis that the data for different gyros would be used to 
estimate the variances of B and B and their covariance. This is a reason- 
able thing to do if the variation among drift runs from gyro to gyro is of 
about the same order of magnitude as the variation among repeated drift runs 
for the same gyro. The analysis is described in the sequel. 
1 2 
There were thirty six-minute averages for each of twenty-two gyros. 
The following analysis was applied to all but one gyro, which was omitted 
because it exhibited unusually large variability. The quadratic function 
y = 5 + B t +  B t 
least squares. In this equation, y is the drift rate in degrees per hour, 
2 was fitted to each set of averages by the method of 1 2 
01.1 is the drift rate due to constant torque, and f3 and B are coefficients 1 2 
of powers of t. For  one gyro, the first four averages were omitted because 
it appeared that the test conditions had not yet stabilized. The twenty-one 
estimates of ,% and B are shown in Table 111. Also shown are the estimated 
variances of f3 which will be referred to below as within gyro estimates. 
-1 2 
1’ 
Attention was given to serial correlation among the averages, and it 
was found that the serial correlation among successive averages was about 
.45.  Although the method of least squares as it was used assumes indepen- 
dent observations, it still is highly efficient in the presence of such low 
s e ri a 1 co r re la t ion. 
The variances of B and B2 and their covariance were estimated from 1, n 
the twenty-one sets of (/3 ,6 ). The calculation is shown in Table IV. It 
should be noted that the variance among the B ‘ s  estimates the sum of the 
between gyro component of variance and the within gyro component. The 
latter was estimated by averaging the twenty-one within gyro estimates of 
variance, and then it was subtracted out to leave an estimate of the between 
gyro component of variance. Similar calculations were carried out to esti- 
mate the variance of p2 and the covariance of B 
1’ 2 n 
1 
and B2. 1 
E. Variances of Random Process and Associated Random Variables 
The residual variation around the trend in a strip chart recording has 
been denoted by x (t), which is a non-deterministic random process. The 
r m 2  .-I- 
t 
quantities t 1 x2(.c) d.c in VU(T1) and JL2 x (T) dT in Y! (T ) are random .2 e 2  
0 0 0 
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I variables, and it is desired to determine their variances and covariance. 
The variance of the first variable and the covariance of both have not been 
evaluated for this analysis, although, in principle, it can be done. The 
formulae are well-known and would, in practice, be evaluated by an electronic 
computer. Failure to do so herein does not materially affect the further 
analysis, because it is evident that the variances and covariance are small 
in comparison to other variances in Ye(T ) and V (T ). 2 u 1  
For evaluating the variance of the second variable, only one strip 
chart recording of the random gyro drift rate process was available, and 
fifty minutes of it was used for analysis. An analysis which was conducted 
and reported in [ 7 ]  was principally concerned with the original gyro drift 
rate process x(t) and with measures of performance other than the variance. 
On page two of that report the observed sample variance of x(t) is given, 
T 
l and Figure 7 of that report is a plot of the variance of X ( T )  d-c in 
0 
degrees against time T in hours. This was calculated under Model I1 of the 
report. As discussed in connection with ( 4 2 ) ,  the variable x2(~) d-c re- 
sults from x(t) being passed through the assumed linear system, and its var- 
iance has been evaluated and listed in Table V. 
T2 
0 
Other covariances could not be estimated from the data in the form in 
which it was available. It is conceivable, e.g., that non-zero covariances 
could exist between the Aa's and the B ' s .  But in order to estimate such 
covariances, it,would be necessary to observe the A a ' s  and the B ' s  at the 
same time, so that they would be grouped, and to have several such observa- 
tions made at different times. 
Substitution of the estimated variances and covariances into formulae 
which are shown in Table V. Also presented is the estimated correlation 
coefficient p(Y , V u ) .  
A 
e 
F. Estimation of Reliability 
There is good reason to believe that the variables VU(T1) and Y (T ) e 2  
are approximately normally distributed. This follows from the consideration 
that each of them is a linear function of several statistically independent, 
or at least presumably not highly correlated, random variables. Furthermore, 
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for some of the variables there is evidence that they themselves are approxi- 
mately normally distributed. This is true for @ and /3 as is indicated by 
plots on normal probability paper, shown in Figure 1 3 .  In addition, for the 
process x (t), it was found in [ 7 1  that the assumption of a Gaussian process 
is compatible with the data, and hence the integral 1 x ( T )  dT should be ap- 
proximately Gaussian. 
1 2'  
t 2 
0 2  
Assuming that V (T ) and Y (T ) are normally distributed, the probabil- u 1  e 2  
ities of the events ( 4 8 )  and ( 4 9 )  may be calculated. 
employing the standard deviations of V and Y to look up areas under the 
normal curve. 
ures 14 and 15, which show how the probabilities vary with the allowable 
errors in velocity and drift. The probability of event ( 4 8 )  is the relia- 
bility at time T and has been so labeled on Figure 14. 
This has been done by 
U e 
These areas have been used to plot the center lines on Fig- 
1 
The simple procedure just described results in biased estimates of the 
reliabilities. However, if the numbers of degrees of freedom associated 
with the estimates of the variances are sufficiently large, the biases are 
negligible. In the present instance, such is the case. If unbiased esti- 
mates are desired, they may be found by the procedure described in [ 9 1 .  
To calculate confidence intervals requires the use of the theory of toler- 
ance intervals, as described in [Ir ' ] .  This has been applied and the limits 
are shown on Figures 14 and 15. 
To estimate the reliability at time T it is necessary to estimate the 2 
probability of the joint event ( 4 8 )  and ( 4 9 ) .  This can be done most cor- 
rectly by use of the appropriate bivariate distribution. 
not available to support or refute the conjecture that the distribution is 
bivariate normal, it seems quite reasonable to assume that it is. 
in view of the small value of p(V Y ), the variables may, without much bias 
in estimation, be treated as statistically independent. TO do so implies 
that the desired probabilities may be estimated by multiplying together the 
appropriate separate probabilities. 





The authors wish to express their appreciation to the Minneapolis- 
Honeywell Regulator Company for giving them ready access to its facility in 
St. Petersburg, Florida, and for the cooperation and assistance rendered by 
Page Thirty-Four 
i t s  personnel .  P a r t i c u l a r  thanks a r e  due t o  M r .  Marion Smith and h i s  s t a f f .  
The au tho r s  a l s o  wish t o  expres s  t h e i r  a p p r e c i a t i o n  t o  D r .  David Gaylor 
of t h e  I n s t i t u t e  f o r  h i s  c o n t r i b u t i o n s  t o  t h e  s t a t i s t i c a l  a n a l y s i s ,  which 
included ca r ry ing  out  t h e  a n a l y s i s  discussed i n  VI-D and c o n s u l t a t i o n  on 













Lewis, J. B. and Wells, W. T., "Probabilistic Models for Predicting 
System Reliability," Working Paper No. 3, September, 1962, Contract 
NASw-334, Research Triangle Institute, Durham, North Carolina. 
Thompson, W. S . ,  "Probabilistic Models for Predicting System Reliability- 
Application to CENTAUR Inertial Guidance System, '' Working Paper 
No. 4, December, 1962, Contract NASw-334, Research Triangle Institute, 
Durham, North Carolina. 
Thompson, W. S . ,  "Data for the Reliability Analysis of the CENTAUR 
Azimuth Gimbal Stabilization Loop," Working Paper No. 6 (CONFIDEN- 
TIAL), January, 1963, Contract NASw-334, Research Triangle Institute, 
Durham, North Carolina. 
Thompson, W. S . ,  "Functional Description of a Single-axis Stabilization 
Loop of a Stable Platform," Working Paper No. 8, August, 1963, 
Contract NASw-334, Research Triangle Institute, Durham, North 
Carolina. 
Connor, W. S .  and Thompson, W. S.,  "An Appraisal for Use in Reliability 
Analysis of the Test and Data Collection Procedures in the Manu- 
facture of an Inertial Guidance System," Working Paper No. 10, 
November, 1963, Contract NASw-334, Research Triangle Institute, 
Durham, North Carolina. 
Fernandez, M. and Macomber, G. R., Inertial Guidance Engineering, Chapter 
3, Prentice-Hall, Inc., 1962. 
Cryer, J. D. and Leadbetter, M. R., "Analysis of Random Gyro Drift-rate 
Data," Working Paper No. 9, August, 1963, Contract NASw-334, Research 
Triangle Institute, Durham, North Carolina. (CONFIDENTIAL) 
Connor, W. S .  and Thompson, W. S . ,  "Tables to Accompany Reliability Analysis 
of the CENTAUR IGS First Gimbal Stabilization Loop," Working Paper 
No. 11, December, 1963, Contract NASw-334, Research Triangle Institute, 
Durham, North Carolina. 
Bowker, Albert H. and Lieberman, Gerald J., Enpineering Statistics, 
Prentice-Hall, Inc., 1959, pp. 470 ff. 
10. Proschan, Frank, "Confidence and Tolerance Intervals for the Normal 
Distribution, 'I Journal of the American Statistical Association, 
V o l .  48 ,  1953, pp. 550-564. 
Page Thirty-Six 
1 Table I 
ESTIMATION OF THE VARIANCE OF MUSRA, (?), 
FOR A PARTICULAR GYRO 
(Values of MUSRA in Deg./Hr./g) 
Group MUSRA Group MUSRA Group MUSRA 
1 6 9 
2 7 10 
3 7 10 
4 7 11 
3 a 12 
5 9 13 
ANALYSIS OF VARIANCE 
Source Degrees Sum 
of of of Me an Expected 
Vari a t ion Freedom Squares Square Mean Square 
o2 + 1.36 ob 2





W Within Groups -
2 o2 + .96 ab 
W 
, where o2 is the within-group A2 
W ^a2 = and (5b + ;2 = b W 
variance, and o2 is the between-group variance. b 
The data have been omitted from these tables in order to 1 
avoid the necessity of classifying this report. The com- 
pleted tables appear in a separate classified report, Ref- 
erence 8 in the list of references. 
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1 Table I1 
ESTIMATED VARIANCES OF CT, MUIA, AND MLJSRA 
FOR ALL GYROS 
2 2 
and MUIA and MlJSRA a r e  in (O/Hr./g) ] [CT i s  in ( O / H r . )  
Gyro CT - MUIA MUSRA 
2 
Average 
The d a t a  have been omitted from t h e s e  t a b l e s  i n  o rde r  t o  avoid t h e  n e c e s s i t y  
The completed t a b l e s  appear i n  a s e p a r a t e  c l a s s -  
1 
of c l a s s i f y i n g  t h i s  r e p o r t .  
i f i e d  r e p o r t ,  Reference 8 i n  t h e  l i s t  of r e f e r e n c e s .  
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1 Table 111 
Estimates of f3 and f3 and Associated Variances 
1 2 
A A 























'The d a t a  have been omit ted f r u n  t h e s e  t a b l e s  i n  o r d e r  t o  avoid t h e  neces- 
s i t y  of c l a s s i f y i n g  t h i s  r e p o r t .  
c l a s s i f i e d  r e p o r t ,  Reference 8 i n  t h e  l i s t  of r e f e r e n c e s .  
The completed t a b l e s  appear i n  a s e p a r a t e  
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1 
Table I V  
ESTIMATION OF THE BETWEEN GYROS 
COMPONENT OF VARIANCE OF B, 
Sums of Squares:  
c ; = 
A 2  (C p,) / 2 1  = 
Mean Square: 
Within Gyros 
(from Table 111) : 
'The d a t a  have been omit ted from these  t a b l e s  i n  o r d e r  t o  avoid t h e  neces-  
s i t y  of c l a s s i f y i n g  t h i s  r e p o r t .  The completed t a b l e s  appear i n  a s e p a r a t e  
c l a s s i f i e d  r e p o r t ,  Reference 8 i n  the l i s t  of r e f e r e n c e s .  
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1 Table V 

















2 5 (ft /sec ) 
(rad. ft/sec) 
'The data have been omitted from these tables in order to avoid the neces- 
sity of classifying this report. 
classified report, Reference 8 in the list of references. 
The completed tables appear in a separate 
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Frequency Response Funct ion  
IFfjLu) l 2  vs, CD 
0 -> 
-- Inpu t  Power S p e c t r a l  Densify 
1 
1 
\ (Di(Lu> vs, Lu 











Output Power S p e c t r a l  Densi ty  
CDo(a) VS. (0 
0 a- > 

















a ( t )  in f t . / s e c .  2 
W 




























































z .  
G 
5! 















Figure  12. S c a t t e r  P l o t  of MUSRA vs.  MUIA 
f o r  One Gyro 
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Figure 13. Linear and Quadratic Coefficients, Plotted 
on Normal Probability Paper. 
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Figure 14. Estimated Drift Reliability, as a Function 
of the Allowable Error in Velocity at the End 
of Boost VJT, 1 
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Probability [I JI (T )Is J I ' ]  
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Figure 15. Probability that the Platform Drift is 
Within the Allowable Error at the End of Orbit. 
